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Classical reference books in mathematical bi-
ology, e.g. [7], illustrate how, in its origins, this
once emerging field essentially relied on small
models, and their thorough analysis employed
a suit of advanced techniques from dynamical
systems theory. It was often feasible to pursue
such analysis without fixing the value of model
parameters, thereby obtaining a full picture of
the possible behaviors of the model. In many
cases, the purpose of the model was to provide
a qualitative understanding of a phenomenon,
which not necessarily needed to fit exactly with
observational data.

As models have become larger and more com-
plex, and with the increasing availability of
data, in particular in molecular biology, a stan-
dard approach to analyze mathematical models
has been to first gain some insight about suit-
able parameter values, for example via estima-
tion or extrapolating from related species, and
then employ numerical methods to simulate the
models. In this way, a precise description of the
system of interest could be obtained. A prob-
lem arises when parameters are unidentifiable,
or cannot be determined with the desired pre-
cision, or when we need to take into account
that parameter values typically fluctuate, are
specific to the individual, and depend on the
environment. Then we are back to the origi-
nal problem of understanding the model in a
larger region of the parameter space. As the
complexity of the models forbid detailed hands-
on analyses, model inspection is often achieved
through a combination of parameter sampling
and numerical simulation.

Parallel to this development, some theories
have centered around systems of ordinary dif-
ferential equations that model the concentra-
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tion of species in an interaction network in time.
Although these models are typically associated
with chemical and biochemical reactions, the
formalism fits as well models in ecology, like
the Lotka-Volterra model, or in epidemiology:
All these have in common that the interactions
among entities drive the changes of the system.

The origin of these theories goes mainly back
to the 70’ies and 80’ies, with, to name a few, the
work of Feinberg, Horn and Jackson leading to
what is known as Chemical Reaction Network
Theory (CRNT) [6]; Vol’pert [8]; and Clarke,
leading to Stoichiometric Network Analysis [2].
Common to these theories is the search for easy-
to-apply methods concerning dynamics, by re-
lying on the structure of the interaction network
and assumptions about the rates of the interac-
tions. This has lead to simple (but powerful)
theorems on number of steady states and their
stability, to give some examples.

These theories are at one end of the spec-
trum of the level of abstraction of mathemat-
ical models. At the left end of the spectrum
we find models that are fitted to real data and
provide detailed quantitative information of a
specific system under study; and at the right
end of the spectrum, we find general theories
aimed at studying classes of models that share
some particularities and their qualitative prop-
erties. Moving from left to right we go from
models whose goal is to represent reality in de-
tail, to models seeking to identify underlying
principles. Although at first sight one might
think that the left region of the spectrum is the
one that really matters in practical scenarios,
a throughout qualitative analysis of families of
models can be valuable to guide experimental
design, to support conclusions of fitted models,
and can be helpful in synthetic biology. Fur-
thermore, it is advantageous, and at the core of
mathematics, to rely on general theories when
studying specific models.

Algebra and Interaction Networks

In recent years, these old theories about inter-
action networks from the 70’ies, mainly CRNT,
have been revised and further developed under
the umbrella of computational algebra and alge-

braic geometry. The reason behind this, is that
models arising from interaction networks typi-
cally involve polynomials and rational functions
(quotients of polynomials). Prominent exam-
ples are the mass-action assumption, yielding
polynomial di↵erential equations, or Michaelis-
Menten type kinetics, yielding models with ra-
tional functions. In this case, the steady states
of a model are the solutions to a system of poly-
nomial equations, which is the object of compu-
tational algebra and algebraic geometry. Fur-
thermore, computational algebra is well suited
to systems with unspecified parameters, after
choosing the right coe�cient field. It can for ex-
ample find relations that hold for all parameter
values at steady state, or find descriptions of the
steady states by means of a simple parametriza-
tion. However, two main drawbacks prevent
these methods to stand out: the high computa-
tional cost, and the fact that the restriction of
the steady states to positive values causes nice
results from the theory of polynomial equations
to fail. For example, any real polynomial of
degree n has exactly n complex roots counted
with multiplicity, but only some generic upper
bounds can be given for the number of real and
positive real roots.

Progress within this area has focused on solv-
ing these challenges by exploiting the fact that
the polynomials under study arise from interac-
tion networks. Through a close interplay with
real algebraic geometry, this had lead to numer-
ous strategies to count the number of positive
steady states and even understand the param-
eter space in that respect [3]. More recently,
similar ideas are being applied to study stabil-
ity and bifurcations, as these, via the Routh-
Hurwitz criterion, are also expressed in alge-
braic terms. In general, whenever the ques-
tion of interest can be reduced to understanding
the solutions to a system of polynomial equal-
ities and inequalities, then computational alge-
bra might well be the right theory to call.

Integrating the whole spectrum

Mathematical biology, and applied mathe-
matics in general, is witnessing how theory tra-
ditionally belonging to the realm of pure mathe-
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matics is finding its place in the study of math-
ematical models. This certainly applies to al-
gebraic geometry, but also to other disciplines
like topology. Despite the broad range of ex-
isting theories to analyze mathematical mod-
els in molecular biology from di↵erent perspec-
tives, the preferred choice often involves nu-
merical simulations combined with parameter
inference or parameter sampling. This is pre-
sumably driven by the numerous existing tools
that address this end of the spectrum, e.g. [1],
while we lack proper dissemination and compu-
tational tools that cover the rest of the spec-
trum, and facilitate the access to users with-
out a suitable mathematical background. With
few exceptions [4, 5], the latter is partially a
consequence of the notable challenges involved
with providing easy-to-use black-box implemen-
tations of that end of the spectrum. But with-
out these, much of the valuable theory currently
being developed to analyze families of models at
once, will remain a curiosity and its potential
use in real applications will be overlooked.

As methods, tools and theories are con-
stantly being developed to understand the
overwhelmingly-complex systems of interacting
elements, it would be desirable to have integra-
tive platforms where users, these being exper-
imental biologists or theoreticians, can dissect
models at all possible levels.
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